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Abstract 


We have studied the underlying algebraic structure of the anharmonic oscil¬ 
lator by using the variational perturbation theory. To the first order of the 
variational perturbation, the Hamiltonian is found to be factorized into a su¬ 
persymmetric form in terms of the annihilation and creation operators, which 
satisfy a g-deformed algebra. This algebraic structure is used to construct all 
the eigenstates of the Hamiltonian. 
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Quantum anharmonic oscillator has been frequently studied as a toy model for develop¬ 
ing various approximation methods in quantum mechanics and quantum held theory H- 
Recently it has been used to develop various approaches to the variational perturbation 
theory which enables one to compute the order by order correction terms to the well 
known variational approximation. More recently the model has been utilized to establish the 
Liouville-Neumann approach to the variational perturbation theory |^, where one constructs 
the annihilation and creation operators as perturbation series in the coupling constant whose 
zeroth order terms constitute those of the Gaussian approximation. 

However, the underlying algebraic structure of the anharmonic oscillator for its own sake 
has rarely been studied. In ref. [Q, we have shown that to the hrst order of the variational 
perturbation the Hamiltonian is factorized as in the case of the simple harmonic oscillator, 
while the annihilation and creation operators satisfy the g-deformed algebra rather than 
the usual commutation relations. This is an interesting algebraic structure of the theory 
which may enable one to obtain more information on the theory. The connection between 
the g-deformed algebra and the quasi-exactly solvability has been found for certain type of 
potentials 0, and the possibility of a g-deformed quartic oscillator has also been suggested 
from the study of the energy spectra obtained by the standard perturbation method 0]. 

It is the purpose of this letter to study the algebraic structure of the anharmonic oscillator 
to the hrst-order variational perturbation, and to utilize this structure to obtain the general 
energy eigenstates of the system. It is the g-deformed algebraic structure of the theory that 
enables us to hnd the g-deformed Fock space [Q. 

We now consider the anharmonic oscillator described by the Hamiltonian, 

H = -p^ + (1) 

2 2 4 ^ ^ 

where the mass is scaled to unity for simplicity. In the variational Gaussian approximation 
one searches for a simple harmonic oscillator whose energy eigenstates minimize the expec¬ 
tation value of the Hamiltonian (|^). For this purpose, we introduce a set of operators, a and 
a^, as linear functions of the dynamical variables x and p: 


a = 


= 


/Gg. , . 1 

-—X -f ^ , p, 

2 % 720^^ 


/Gg. . 1 


( 2 ) 


which are the annihilation and creation operators for the simple harmonic oscillator described 
by the Hamiltonian, 


Hg = 


(3) 


In terms of the annihilation and creation operators (|^), the Hamiltonian (|^) is represented 
as 


?i / u 




+ Gg -I- 

A-. 

4^Gg 


h / u 
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E 






(4) 
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In the variational Gaussian approximation one evaluates the expectation value of the Hamil¬ 
tonian (P with respect to the state annihilated by the annihilation operator a: 


«'|0)[o] = 0, 


(5) 


and minimizes the expectation value, which leads to the gap equation, 


Vt^Q = u/ + 


3xn 


( 6 ) 


The gap equation completely determines the operator a and al of (^, which gives the 
Gaussian approximation of the ground state of the system through Eq. (^. 

By choosing the frequency (0, the Hamiltonian of the a n h armonic oscillator (^) can now 
be expressed as. 


H = —XIg{cl^o. + aa ^) — , + 


3Xh^ Xh^ ^ 


^ \k^ 




It is convenient to rewrite the Hamiltonian (|^) as, 
H = aa'*') + 


Xh " /4^ 




where 


G[i] — Gg — 


3Xh 


(7) 

( 8 ) 

(9) 


and we have used the relation, [a, al] = aal -f aXa — 2aXa. This representation can be used 
to construct the annihilation operator of the anharmonic oscillator as a perturbation series 
in the coupling constant, which leads to the Liouville-Neumann approach to the variational 
perturbation theory [^]. 

We now turn to the main issue of this paper: the factorization of the Hamiltonian. The 
solvability of the simple harmonic oscillator (|^) is rooted in the fact that the Hamiltonian 
is factorized into a supersymmetric form. 


Hg = + ( 10 ) 

and the fact that the annihilation and creation operators satisfy the standard commutation 
relation. 


[a, a'^] = 1. 


( 11 ) 


We now ask whether the same kind of factorization occurs in the case of the anharmonic 
oscillator (0: 


H = + 


( 12 ) 
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in a perturbative sense, and if it does, what kind of commutation relation does the operators 
A and satisfy. The recent result of ref. suggests that one can find the annihilation and 
creation operators A and for the anharmonic oscillator and their commutation relation 
to each order of the variational perturbation in A. We have found that the operators A and 
A"^ are given by, to the order Xh, 

A[i] = a + {Xh) 

k=0 

4l = (An)'. (13) 

where Ck are constants to be determined [Q. The requirement that the Hamiltonian be 
of the factorized form (p(^ determines the frequency H and the constants c^’s to this order 
of the variational perturbation: 


H = Hr; — 


G 


3Xh 


and 


Co = 


16H^’ 


Cl = 


16H^’ 


C2 = 


16H^’ 


C 3 = 


16H^‘ 


(14) 


(16) 


We thus hnd that the Hamiltonian of the anharmonic oscillator factorizes as. 


(16) 


and that the annihilation and creation operators A and H.! satisfy the commutation relation. 


G 


(17) 


to this order of the variational perturbation. 

Note that the commutation relation (pTl) defines a g-deformed algebra in the form [^j. 


^[1] - ?p]^[i]^[i] - li 


with the deformation parameter. 


111 ] - 1 + 


3Xh 

4H^ 


(18) 


(19) 


This fact can be used to hnd all the eigenstates of the anharmonic oscillator (^ by using 
the Fock space structure of a g-deformed oscillator H]. The vacuum state is dehned by. 


. 4 [ 1 ]| 0 )| 1 | = 0 , 


( 20 ) 


and the number states by 
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( 21 ) 


^)[i] = 


1 




where 


n 


?[i] - 1 


These number states are the eigenstates of the following operators: 


( 22 ) 


= [n]|n)[i], 

i[i]ifi]|n)[i] = [n +l]|n)[i]. (23) 

We thus hnd that the number states |n)[i] are the eigenstates of the Hamiltonian correspond¬ 
ing to the eigenvalue, 


h 


+ [n+ 1]], 


(24) 


to the hrst order of the variational perturbation. Using Eqs. (0), (^) and (plj) , we hnally 
obtain the energy eigenvalues of the anharmonic oscillator, to the order Xh: 


E[l]n 


h 


/ 3Ah o\ 

H[i](2n-M j 




(25) 


which agrees with those obtained by You, et ah [Q. 

In summary, we have studied the algebriac structure of the anharmonic oscillator to the 
hrst-order in the variational perturbation theory. It has been found that the Hamiltonian is 
factorized into a supersymmetric form in terms of the annihilation and creation operators, 
which are expanded around those of the Gaussian variational approximation. It has also 
been shown that the anharmonic oscillator has the algebra of a g-deformed oscillator with 
SUq{l, 1) symmetry, which was used to construct all the eigenstates of the Hamiltonian to 
this order of the variational perturbation. Further study is needed to see if this interesting 
algebraic structure is also respected by the higher order correction terms. 
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